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QUASI STEINBERG CHARACTER FOR SYMMETRIC,
ALTERNATING GROUPS AND THEIR DOUBLE COVERS
DIGJOY PAUL AND POOJA SINGLA
Abstract. An irreducible character of a finite group G is called quasi p-Steinberg char-
acter for a prime p if it takes the nonzero value on every p-regular element of G. In
this article, we classify the quasi p-Steinberg characters of all Symmetric (Sn) as well
as Alternating (An) groups and their double covers. In particular, an existence of a
non-linear quasi p-Steinberg character for Sn implies n ≤ 8 and for An implies n ≤ 9.
1. Introduction
Let G be an arbitrary finite group with a (B,N) pair. Let T = B ∩N and W = N/T
be the corresponding Weyl group. Let Σ = {w1, w2, . . . , wn} be the set of distinguished
generators of W . For J ⊆ Σ, let WJ be the subgroup of W generated by wi with wi ∈ J .
Let NJ be the pre-image of WJ in N under the canonical projection to W . Let PJ be
the group generated by B and NJ . Curtis [4] showed that the following alternate sum,
denoted by StG,
StG =
∑
J⊆Σ
(−1)|J |IndGPJ (1PJ )
is an irreducible representation of G. The representation StG, known as the Steinberg
representation, is the unique irreducible representation of G which is a constituent of
IndGB(1B) but is not a constituent of Ind
G
PJ
(1PJ ) for any B ( PJ . It is also well known
that in case the group G has a split (B,N) pair of characteristic p then the dimension of
StG equals |G|p, where |n|p denotes the p-part of an integer n. Further the character of
StG for G with split (B,N) pair satisfies the following:
χStG(g) =
{
±|CG(g)|p, if p ∤ ord(g),
0, otherwise.
When the group G with split (B,N) pair is a Lie group of finite type, then the above rep-
resentation coincides with the well known Steinberg representation for this case. We refer
the reader to Steinberg [12, 13], Curtis [4], and beautiful exposition of Humphreys [8] for
more properties regarding Steinberg representations or their character (known as Steinberg
character).
Feit [6] extended the definition of Steinberg character to any finite group as follows. Let
G be a group and p be a prime. A p-Steinberg character of G is an irreducible character
θ of G such that
θ(x) = ±|CG(x)|p,
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for every x ∈ G having order co-prime to p. Here CG(x) denotes the centralizer of x in
G. The dimension condition on p-Steinberg character θ implies, it has defect 0, therefore
θ(y) = 0 for all y ∈ G such that p | ord(y), see [3, Theorem 1]. Feit proved that for a
finite group G such that G has a p-Steinberg character, then for p 6= 2, set of rational
valued linear characters and p-Steinberg characters of G are in bijection. While specu-
lating that p-Steinberg characters play role in determining the structure of a group, Feit
conjectured that if G is a finite simple group and p is a prime number dividing |G| such
that G has a p-Steinberg character then G is isomorphic to a semi-simple group of Lie
type in characteristic p. This question was positively answered for An and PSLn(q) by
Darafasheh [5]. By using the classification of finite simple groups, Tiep [15] proved the
above conjecture for all finite simple groups. It is natural to ask about the existence of
characters that satisfy a weaker hypothesis than the p-Steinberg characters. For example,
Dipendra Prasad asked about the existence of an irreducible character θ of a finite group
G satisfying the following:
(a) θ(1) = |G|p (Sylow p-dimension),
(b) θ(x) = 0 whenever p | ord(x) (p-vanishing),
(c) θ(x) 6= 0 whenever (p, ord(x)) = 1.
We call such a character θ a weak p-Steinberg character of G. In this article we determine
weak p-Steinberg characters of Sn, An and their double covers (see also Remark 3.4). It
is also natural to consider weaker hypothesis on a character χ than the weak p-Steinberg
conditions. For example in a recent article, Malle-Zalesski [9] classified the characters χ
of finite non-abelian simple groups that satisfy conditions either only p-vanishing or both
p-vanishing and Sylow p-dimension. The later ones are called Steinberg-like characters.
Recall, an element x of a group G is called p-regular, if (p, ord(x)) = 1. In this article
we consider the characters of finite groups that do not vanish on p-regular elements and
define the following:
Definition 1.1. (Quasi p-Steinberg character) Let G be a finite group and p be a prime
dividing |G|. An irreducible character χ of G is called quasi p-Steinberg character if
χ(g) 6= 0 for all g ∈ G such that p ∤ ord(g).
For any finite group G and prime p dividing |G|, any linear (one dimensional) character
of G is a quasi p-Steinberg character. Therefore, we will mainly focus on the non-linear
quasi p-Steinberg characters. Let χλ be the irreducible character of the Specht module Vλ
of Sn corresponding to a partition λ of n. Our first main result characterizes the λ’s such
that χλ is a quasi p-Steinberg character of Sn.
Theorem 1.2. For n ≥ 3, let λ be a partition of n such that λ 6= (n), (1n) and p be a
prime. Then, the set of all (n, λ, p) such that χλ is a quasi p-Steinberg character of Sn is
given in Table 1.
Our next result characterizes quasi p-Steinberg characters of An. For the self conjugate
λ, let χ±λ be distinct irreducible characters of An such that χλ|An = χ+λ + χ−λ . For non
self-conjugate λ, let χ↓λ be an irreducible character of An given by χ
↓
λ = χλ|An .
Theorem 1.3. For n ≥ 3, let λ be a partition of n such that λ 6= (n), (1n). Let ∗ ∈ {±, ↓}
and p be a prime. Then, the set of all (n, λ, p) such that χ∗λ is quasi p-Steinberg character
of An are included in Table 2.
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n λ p
3 (2, 1) 2
4 (2, 2) 2
4 (3, 1), (2, 1, 1) 3
5 (4, 1), (2, 1, 1, 1) 2
5 (3, 2), (2, 2, 1) 5
6 (3, 2, 1) 2
6 (4, 2), (2, 2, 1, 1) 3
8 (5, 2, 1), (3, 2, 1, 1, 1) 2
Table 1. quasi p-Steinberg characters of Sn
n λ p
3 (2, 1) 3
4 (2, 2) 2
4 (3, 1), (2, 2) 3
5 (4, 1) 2
5 (3, 1, 1) 3
5 (3, 2) 5
6 (3, 2, 1) 2
6 (4, 2) 3
6 (5, 1), (3, 3) 5
8 (5, 2, 1) 2
9 (7, 2) 3
Table 2. quasi p-Steinberg characters of An
The next result characterizes the quasi p-Steinberg spin characters of double covers S˜n
and A˜n of Sn and An respectively. For the notations regarding S˜n, A˜n and spin characters,
we refer the reader to Section 2.
Theorem 1.4. For n ≥ 4, let λ be a partition of n into distinct parts and p be a
prime and ∗ ∈ {±, ↓}. An irreducible spin character χ˜λ (respectively, < χ˜λ >∗) of S˜n
(respectively, A˜n) is quasi p-Steinberg if and only if p = 2 and either λ = (n) or is one of
the following:
(3, 1), (3, 2), (3, 2, 1), (5, 1), (5, 2, 1).
The next two results characterize the weak p-Steinberg characters of Sn, An and their
double covers.
Corollary 1.5. For n ≥ 3, let λ be a partition of n and p be a prime. Then,
(1) For every pair [λ, p] such that χλ is a quasi p-Steinberg character of Sn is also a
weak p-Steinberg character of Sn except the following:
[(2, 2), 2], [(4, 1), 2], [(2, 1, 1, 1), 2], [(5, 2, 1), 2], [(3, 2, 13), 2].
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(2) For every pair [λ, p] such that χ∗λ is a quasi p-Steinberg character of An is also a
weak p-Steinberg character of An except the following:
[(2, 1), 3], [(2, 2), 2], [(2, 2), 3], [(2, 2, 15), 3].
Corollary 1.6. For n ≥ 4, there does not exist any weak p-Steinberg spin character of
S˜n and A˜n.
The following is an obvious corollary of Theorem 1.2. Parallel result for An, S˜n and A˜n
follow from Theorems 1.3, 1.4.
Corollary 1.7. For n ≥ 9 and p ≤ n, every non-linear character χλ of Sn has a zero at
some p-regular element of Sn, i.e. there exists p-regular g ∈ Sn such that χλ(g) = 0.
Remark 1.8. Every p-Steinberg character is a weak p-Steinberg and therefore also is
a quasi p-Steinberg character. But the converse need not hold. Further, the notion of
Steinberg-like character is also different from that of quasi p-Steinberg character. Below
we give examples of these phenomena.
(1) The representation Vλ for λ = (2, 2) of S4 is a quasi 2-Steinberg representation of
S4 but is not a weak 2-Steinberg representation.
(2) The representation V +(3,1,1) is a weak 3-Steinberg representation of A5 but is not a
3-Steinberg representation of A5.
(3) The representation Vλ for λ = (5, 1) of S6 is Steinberg-like for p = 5, however it is
not a quasi p-Steinberg representation for any p | 6! (see Theorem 1.2).
This article is organized as follows. In Section 2, we collect a few preliminary results
regarding the representations of Sn, An and their double covers. The proofs of all main
results are included in Section 3. At last, in Section 4 we collect a few questions arising
naturally from this work.
2. Preliminaries
In this section, we collect the notations and basic results regarding character values for
Sn, An, and their double covers. In particular, we recall Murnaghan–Nakayama rule for
Sn (Theorem 2.1) and Morris recursion formula for S˜n (Theorem 2.14).
2.1. Symmetric group representation. Any element (permutation) in Sn can be writ-
ten as a product of disjoint cycles. The partition determined by such a product is called
cycle type of the corresponding permutation. Two permutations with same cycle type
are in same conjugacy class. There is a bijective correspondence between the conjugacy
classes of Sn and the set Λ(n) of all partitions of n. Given a partition α = (α1, . . . , αl) of
n, let
wα = (1, 2, . . . , α1)(α1 + 1, . . . , α1 + α2) · · · (α1 + · · ·+ αl−1 + 1, . . . , α1 + · · ·+ αl)
denote a representative of the conjugacy class Cα indexed by α. We shall write type(w),
the type of an element w to mean the corresponding cycle type of w.
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The set Λ(n) also indexes the set of all irreducible representations of Sn. For λ ∈ Λ(n),
let Vλ (respectively, χλ) denote the corresponding irreducible representation (respectively,
irreducible character) of Sn whose dimension is given by the Hook length formula
χλ(1) =
n!
Hλ
where Hλ =
∏
(i,j)∈λ
hij ,
where the product runs over all cells (i, j) of Y (λ), the Young diagram of λ and hij is
the hook length of the cell (i, j), the number of boxes in Y (λ) that lie directly below or
directly to its right plus one.
Let Rimij , known as rimhook at (i, j), denote the set of boxes of Y (λ) in positions (k, l)
such that k ≥ i, l ≥ j and the Young diagram does not have a box in position (i+1, j+1).
Note that hij = |Rimij| and once we remove a rimhook Rimij from Y (λ), the resultant
diagram Y (λ)\Rimij still gives a valid partition of size n−hij. For a given integer m ∈ N,
the m-weight of λ, denoted by wtm(λ), is the maximal number of rimhooks of size m that
can successively be removed from λ and is equal to the number of hooks in λ of length m.
For example, for λ = (3, 3, 2), h12 = 4 and the corresponding rimhook Rim12 consist of
4 boxes marked with ‘X’ in the first diagram. In the second diagram, named hook diagram,
we put corresponding hook numbers of the cells. Here Hλ = 5 ·4 ·2 ·4 ·3 ·1 ·2 ·1. Moreover,
wt2(λ) = 2 as there are two hooks of length 2 in H(λ).
• X
X X
X
5 4 2
4 3 1
2 1
We shall use χλ(α) to denote the character values of χλ at the conjugacy class of wα.
Theorem 2.1 (Murnaghan–Nakayama rule). Given a permutation of cycle type α =
(α1, . . . , αl) and a partition λ of n, we have
χλ(α) =
∑
ν
(−1)ht(ν)−1χλ\ν(α \ αi),
where the sum runs over all rimhooks ν of length αi and ht(ν) is the height of ν (equals
to the number of rows in the skew-diagram of ν).
Example 2.2. Let λ = (3, 3) and α = (4, 2). The hook diagram and possible 2-rimhooks
are given below.
4 3 2
3 2 1
X
X X X
Then Murnaghan–Nakayama rule can be used to determine χ(3,3,3)((4, 2)) as follows.
χ(3,3,3)((4, 2)) = (−1)(2−1)χ(2,2)((4)) + (−1)(1−1)χ(3,1)((4)),
as the first rim-hook has height 2 and the other one has height 1. From the hook diagram
of (2, 2) below, we get χ(2,2)((4)) = 0 as wt4((2, 2)) = 0.
3 2
2 1
4 2 1
1
X X X
X
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Since wt4((3, 1)) = 1, we get χ(3,1)((4)) = χ()() = 1. Hence χ(3,3,3)((4, 2)) = 1.
The next corollary is an immediate consequences of the Murnaghan–Nakayama rule.
Corollary 2.3. (MN1): For two partitions λ and α = (α1, . . . , αl) of n, χλ(α) = 0 if
wtαi(λ) = 0 for some i ∈ {1, . . . , l}.
(MN2): For α = (α1, α2) ⊢ n, we have χλ(α) = 0 if wtα1(λ) = 1 and wtα2(λ \ ν) = 0,
where ν is the unique rim hook of λ of length α1.
2.2. Alternating group representations. The Alternating group An is the subgroup
of Sn consisting of even permutations. A partition α ⊢ n is called even (respectively, odd)
if wα ∈ An (respectively, wα ∈ Sn \ An). The next result gives information regarding the
conjugacy classes of An.
Theorem 2.4. [11, Theorem 4.6.13] For each even partition λ of n with distinct odd parts,
the set of permutations with cycle type λ splits into two conjugacy classes in An, C
+
λ and
C−λ of equal cardinality. In fact, for any odd permutation x ∈ Sn,
C−λ = xC
+
λ x
−1.
For any other even partition λ, the set of permutations with cycle type λ is a conjugacy
class in An.
The irreducible representations of An are also characterized by λ ⊢ n. For λ = λ′,
the conjugate of λ, there are two irreducible representations V +λ and V
−
λ of An such that
Vλ|An = V +λ ⊕ V −λ . Let χ±λ be the corresponding irreducible characters. For each λ 6= λ′,
the restriction Vλ|An is an irreducible representation of An. Let χ↓λ be the corresponding
irreducible character in this case, see [11, Theorem 4.6.7] for more details. In general, we
shall use χ∗λ with ∗ ∈ {±, ↓} to denote these irreducible characters of An.
Definition 2.5. (Folding) Given a partition with all distinct parts of odd lengths, we
can fold (uniquely) each part to make a self-conjugate hook, and hence a self-conjugate
partition. Denote the folding operation by F .
For example, folding the first part of length 7 of λ = (7, 3) we get the self-conjugate hook
(4, 1, 1, 1) and by folding the other part 3 we get (2, 1). Hence we obtain a self-conjugate
partition µ = (4, 3, 2, 1).
1 1 1 1 1 1 1
2 2 2
F7−→
1 1 1 1
1 2 2
1 2
1
.
We observe that the partition obtained by folding is unique and the process is reversible.
Hence we obtain the following result:
Lemma 2.6. For λ, µ ⊢ n such that λ = λ′. Then F(µ) = λ implies µ has distinct odd
parts.
The next result relates the character values of An with that of Sn and is used repeatedly
in Section 3.
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Lemma 2.7. For each w ∈ An, we have the following:
χ∗λ(w) 6= 0 if and only if χλ(w) 6= 0.
Proof. When λ 6= λ′, then the result follows by then definition of χ↓λ. So now onwards,
we assume λ = λ′. From [11, Theorem 5.12.5 ] the character values of χ±λ (w) are given as
below:
χ±λ (w) =

1
2χλ(w), if F(type(w)) 6= λ,
1
2(ǫtype(w) ±
√
ǫtype(w)n!
|Ctype(w)|
), if F(type(w)) = λ and w ∈ C+type(w).
where, for µ = (2m1 + 1, 2m2 + 1, ..) with all distinct parts, ǫµ = (−1)
∑
mi .
We also have
χ±λ (vwv
−1) = χ∓λ (w)
for any odd permutation v (see [11, (4.16)] ). Combining above results we obtain:
χλ(w) =
{
2χ±λ (w), if F(type(w)) 6= λ,
ǫtype(w), otherwise.
The lemma follows from the above expression along with the observation that χλ(w) and
χ±λ (w) are both non-zero for F(type(w)) = λ. 
2.3. Double Cover of Symmetric and Alternating groups. The double cover of
symmetric group and its representations were studied by Schur. His main interest towards
this question was motivated by the study of projective representations of the symmetric
groups. Schur proved that for Sn, there exists a group S˜n such that the following is a
central extension
1→ Z/2Z→ S˜n π−→ Sn
and every projective representation of Sn lifts to an ordinary representation of S˜n. Any
group with above properties is called either Schur cover or representation group of Sn.
Schur classified these groups upto isomorphism and proved that upto isomorphism there
exists two representations groups of Sn for n ≥ 4. It is well known that there exists a
dimension preserving bijection between the irreducible representations of both of these
groups. We refer the reader to [14, 10] for details regarding the representation groups of
Sn and their irreducible representations. Throughout this section, we fix the following
double cover of Sn.
S˜n = 〈z, t1, t2, . . . , tn−1, | z2 = 1, t2j = z, (tjtk)2 = z for |j − k| ≥ 2, (tjtj+1)3 = z〉.
In parallel, for alternating groups An the double cover is uniquely determined upto
isomorphism. Let A˜n be the preimage of An in S˜n. The group A˜n is a double cover of
An for all n. This group is further known to be the representation group of An for all
non-trivial cases such that n 6= 6, 7.
For G = Sn or An, let G˜ = S˜n or A˜n respectively. The group G˜ projects onto G,
therefore any irreducible representation of G naturally gives an irreducible of G˜, we call
these as G-representation of G˜. Any representation of G˜ that is not obtained from G via
projection map (say π) is called a spin representation of G˜.
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Remark 2.8. Let ρ be a representation of G and ρ˜ be the corresponding G-representation
of G˜, then
χρ˜(g) = χρ(π(g)), for all g ∈ G˜.
This implies that χρ˜(g) 6= 0 if and only if χρ(π(g)) 6= 0. We note that for any prime p, g
is p-regular implies π(g) is p-regular. Conversely, if h ∈ G is p-regular then there exists
g′ ∈ G˜ such that g′ is p-regular and π(g′) = h (see also Remark 2.10). Therefore ρ˜ is quasi
p-Steinberg if and only if ρ is quasi p-Steinberg. Therefore for G-representations of G˜, we
obtain quasi p-Steinberg representations of G˜ from Theorem 1.2. For this reason we shall
focus only on the spin characters of G˜.
Now we proceed to describe the irreducible spin representations of S˜n and A˜n. We follow
[14] and [7] for this section. Let D(n) (respectively, O(n)) denote the set of partitions of
n with all parts distinct (respectively, odd). Let D+(n) (respectively, D−(n)) consists
of partitions in D(n) with an even (respectively, odd) number of even parts. Any λ ∈
O(n) ∩D(n) satisfies, λ ∈ D+(n). The partition λ = ∅ is assumed to be in D+(n).
Given a partition α ⊢ n, let C˜α be the pre-image under π of the Sn-conjugacy class Cα.
The conjugacy classes of S˜n are given by the following theorem due to Schur.
Theorem 2.9. Given α ∈ Λ(n), the set C˜α splits into two S˜n conjugacy classes if and
only if α ∈ O(n) ∩D−(n), otherwise C˜α does not split.
Let σα ∈ S˜n denotes the preimage of wα ∈ Sn obtained by fixing the preimage of (i, i+1)
to be ti for all 1 ≤ i ≤ n − 1. The other possible preimage of wα ∈ Sn is zσα. We note
that χ(zσα) is easily obtained from χ(σα) for an irreducible character χ because z is a
central element of order two.
Remark 2.10. We note that if wα is 2-regular then either σα or zσα has order equal to
that of wα and hence is 2-regular. We will call such a preimage to be a 2-regular preimage
of wα.
The irreducible spin characters of S˜n are determined by λ ∈ D(n). For λ ∈ D+(n),
there is a self associate spin character χ˜λ and for λ ∈ D−(n) there are pair of associate
characters χ˜+λ and χ˜
−
λ . The next theorem, due to Schur, helps to compute character values.
Theorem 2.11. For λ ∈ D(n), the character values for spin character χ˜λ of S˜n satisfy
the following:
(1) χ˜λ(σα) = 0 for all α /∈ D−(n) ∪O(n), λ ∈ D(n).
(2) χ˜λ(σα) = 0 for all α ∈ D+(n) such that α 6= λ, λ ∈ D+(n).
(3) χ˜+λ (σα) = χ˜
−
λ (σα) for all α ∈ O(n), λ ∈ D−(n).
(4) For λ = (λ1, λ2, · · · , λℓ(λ)) ∈ D−(n), we have
χ˜+λ (σλ) = −χ˜−λ (σλ) = i(n−ℓ(λ)+1)/2
√∏
j
λj/2.
In general, we will write an irreducible spin character of S˜n corresponding to λ by χ˜λ and
mention χ˜±λ only if explicitly required. For α ∈ O(n) and λ ∈ D(n), the character value
is determined by Morris recursion formula. Morris [10] developed the character theory of
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spin representations of symmetric group by introducing the concept of shifted diagram,
bar length analogous to Young diagram, hook length respectively. The shifted diagram
corresponding to a partition λ with all distinct parts is obtained by placing λi boxes
starting at the diagonal position (i, i). The corresponding shifted symmetric diagram of
λ, SS(λ), is obtained by flipping the shifted diagram over the diagonal. The bar length
bij of a box (i, j) is the hook length of the box (i, j) in the shifted symmetric diagram.
The dimension of the irreducible spin representation of Sn corresponding the partition λ
is given by the bar length formula :
χ˜λ(1) = 2
[n−l(λ)/2] n!
Bλ
,
where Bλ is the product of all bar lengths of λ.
Example 2.12. For the partition λ = (5, 2, 1) we depict the associated shifted diagram
and also put the bar lengths in SS(λ).
∗ 7 6 5 2 1
∗ ∗ 3 2
∗ ∗ ∗ 1
∗
∗
Here Bλ = 7 · 6 · 5 · 2 · 3 · 2.
To state the main result we need to define the notion of bar removal. The removal of
a bar of length l from a partition λ = (λ1, λ2, . . . , λk) ∈ D(n) corresponds to removing
a part λi of length l (if exists) or removing two parts λi and λj of lengths r and l − r
respectively (if exist) or subtracting l from part λi, if the resultant partition belongs to
D(n− l). An l-bar corresponds a hook of length l in SS(λ) and therefore an l-bar removal
from λ ∈ D(n) corresponds to removing hook of length l from SS(λ). The leg length L(b)
of a l-bar b is the leg length of the associated l- hook in shifted symmetric diagram.
Example 2.13. We can remove a 2-bar from λ = (5, 2, 1) in two different ways: removing
the second part from λ or subtracting 2 from the first part of λ. Hence the resultant
partitions are (5, 1) and (3, 2, 1) respectively. On the other hand there is only one way to
remove 3-bar from λ: removing the second and third parts from λ.
The number of ways of an l-bar removal from λ ∈ D(n) corresponds to the number
of hooks of length l in SS(λ). Now onwards, we will always use the language of shifted
symmetric diagrams for the explicit computations. As mentioned earlier, the following
result is useful in determining the character values for spin representations.
Theorem 2.14. (Morris-Recursion formula) Let λ ∈ D(n) and let α ∈ O(n) with l as a
part. Then,
χ˜λ(σα) =
∑
b is a l−bar
(−1)L(b)2m(b)χ˜λ\b(σα\l),
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where
m(b) =
{
1, if ǫ(λ \ b)− ǫ(λ) = 1,
0, otherwise.
and
ǫ(λ) =
{
0, λ ∈ D+(n),
1, λ ∈ D−(n).
For any partition α, the number of its non-zero parts is called the length of α, denoted
by ℓ(α).
Lemma 2.15. Let λ = (n) and χ˜λ be a spin character of S˜n. The character values of χ˜λ
are zero on all conjugacy classes except the following:
(1) When n is odd,
χ˜λ(σα) = 2
ℓ(α)−1
2 , for α ∈ O(n).
(2) When n = 2k,
χ˜±λ (σα) =
{
2
ℓ(α)−2
2 , for α ∈ O(n),
±ik√k, for α = (n).
Theorem 2.16. (1) For each λ ∈ D−(n), the restriction to A˜n gives one irreducible
spin character
χ˜+λ |A˜n = χ˜
−
λ |A˜n =< χ˜λ >
↓ .
(2) For each λ ∈ D+(n), the restriction to A˜n gives two conjugate irreducible spin
characters
χ˜λ|A˜n =< χ˜λ >
+ + < χ˜λ >
− .
(3) < χ˜λ >
± vanishes on classes projecting to a cycle type µ 6= λ that is not in O(n).
(4) For λ = (λ1, λ2, · · · , λℓ(λ)) ∈ D+(n), define
∆λ(σ) =
{
±in−ℓ(λ)2
√∏
j λj , if type(σ) = λ,
0, otherwise.
Then we have
< χ˜λ >
± (σ) =
1
2
(χ˜λ ±∆λ)(σ).
We shall write < χ˜λ >
∗ to denote two kind of irreducible representation of An corre-
sponding to λ.
The following result follows directly from Theorem 2.16(4).
Corollary 2.17. Let λ ∈ D(n) and τ ∈ A˜n such that type(τ) 6= λ. Then χ˜λ(τ) 6= 0 if
and only if < χ˜λ >
∗ (τ) 6= 0.
QUASI STEINBERG CHARACTER 11
3. Proof of Theorems 1.2 – 1.6
3.1. Symmetric and Alternating groups.
Proposition 3.1. Let p be an odd prime and λ ⊢ n such that λ 6= (n), (1n). Let χ∗λ
be a quasi p-Steinberg character of An. Then the possible λ’s are the following or their
conjugates.
(a) For n = 3: λ = (2, 1) for p = 3.
(b) For n = 4:
• λ = (3, 1) for p = 3.
• λ = (2, 2) for p = 3.
(c) For n = 5:
• λ = (3, 12) for p = 3.
• λ = (3, 2) for p = 5.
(d) For n = 6:
• λ = (4, 2) for p = 3.
• λ = (5, 1) for p = 5.
• λ = (3, 3) for p = 5.
(e) For n = 9: λ = (7, 2) for p = 3.
Proof. Let λ ⊢ n such that χ∗λ is a quasi p-Steinberg character of An. For the proof, we
consider the cases of p | n and p ∤ n separately along with the parity of n.
Case 1a: Let p ∤ n and n is odd. Let α = (n) then wα ∈ An. By the hypothesis,
χ∗λ(wα) 6= 0. This along with Lemma 2.7 implies χλ(wα) 6= 0. By (MN1), we have
wtn(λ) 6= 0. Therefore λ = (n −m, 1m) for some m ≥ 0. we can further assume without
loss of generality that m ≤ n −m − 1. Therefore, we have H(λ) = n · (n −m − 1)! ·m!
(see Figure 1).
n n−m−1n−m−2 . . . 1
m
...
1
Figure 1. Hook diagram for λ = (n−m, 1m)
First we assume that m ≥ 3. For α1 = (n−2, 1, 1) and α2 = (n−3, 2, 1), wα1 , wα2 ∈ An.
We observe (see Figure 1) that wtn−2(λ) = 0 and wtn−3(λ) = 0. Therefore by (MN1)
and Lemma 2.7, we have χ∗λ(wαi) = 0 for i = 1, 2. Further p is odd therefore at least one
of the wαi is p-regular. This is a contradiction to the quasi p-Steinberg condition. Hence,
we must have m ≤ 2.
Next, we first assume that m = 2 and p ∤ n − 2. Consider α = (n − 2, 1, 1). Then by
the hypothesis and Lemma 2.7, we have χλ(wα) 6= 0. Therefore by (MN1), λ has a hook
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of length n− 2. By considering the hook lengths and the fact that n− 2 is odd, we obtain
n − 2 = 1. Therefore n = 3. Since A3 is abelian so only one dimensional representations
are obtained in this case and all of these are quasi 3-Steinberg. This is included in (a) of
Proposition.
Now we consider m = 2 and p | n− 2. In this case, we have the following:
(i) For p 6= 3, we have n > 5. By (MN2), χ∗λ(α) = 0 for α = (n − 4, 3, 1). Since wα
is p-regular, χ∗λ is not quasi p-Steinberg.
(ii) For p = 3. We consider n = 5 and n ≥ 7 separately. For n ≥ 7, we use α =
(n − 6, 5, 1) as above to obtain that χ∗λ is not quasi 3-Steinberg. For n = 5, we
have λ = (3, 12), therefore λ = λ′ in this case. By the character values, it follows
that this is a quasi 3-Steinberg character and is included in (c) of Proposition.
Now, we consider the remaining case of m = 1. For n = 3, we have already seen
argument above. So now onwards, we assume that n ≥ 5. In this case, either p ∤ n − 3
or p ∤ n − 5. In the first case, we use α = (n − 3, 2, 1) and in the second case we use
α = (n − 5, 4, 1) combined with (MN2) as above to obtain a contradiction to quasi p-
Steinberg condition.
Case 1b: Let p ∤ n and n is even. We deal the cases p | n− 1 or not separately.
Case 1b.1 For this case, we assume that p ∤ n−1. Let α = (n−1, 1), so wα is a p-regular
element of An. Then by hypothesis, χ
∗
λ(wα) 6= 0. This by Lemma 2.7 implies χλ(wα) 6= 0.
By (MN1), λ must have a hook of length n− 1. Since λ 6= (n), so λ = (n−m− 2, 2, 1m)
for some m ≥ 0. In this case (see Figure 2),
n−1 n−m−2n−m−4 . . . 1
m+2 1
m
...
1
Figure 2. Hook diagram for λ = (n−m− 2, 2, 1m)
H(λ) = (n− 1)(n −m− 2)(m+ 2)(m!)(n −m− 4)!.
Without loss of generality, we can assume that m + 2 ≥ n −m − 2. We consider the
case of m even and odd separately.
If m is odd: In this case, n ≥ 6. Consider α1 = (m + 4, 1n−m−4) and α2 = (m +
3, 2, 1n−m−5). Because m + 2 ≥ n − m − 2 and both n − 1 and m are odd, therefore
wtm+3(λ) = 0. Similarly, wtm+4(λ) = 0 unless n − 1 = m + 4. We note that atleast one
of the wαi is p-regular. By (MN1), if wα1 is p-regular then χ
∗
λ is not quasi p-Steinberg.
Otherwise wα2 is p-regular and we must have m + 4 = n − 1 in this case. Therefore if
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χ∗λ if quasi p-regular then n = m + 5, λ = (3, 2, 1
m). Next, we note that if p | m + 3,
then p ∤ m + 1 and we consider α = (m + 1, 4) and observe that χ∗λ(α) = 0. This gives
a contradiction to χ∗λ being quasi p-Steinberg for any prime p such that p | m + 3. If
p ∤ m + 3, then we consider α = (m + 3, 2) and again obtain the contradiction to quasi
p-Steinberg condition as before.
If m is even: In this case n ≥ 4. For n = 4, we must have λ = (2, 2). For this case,
χ∗λ has dimension one so these are quasi 3-Steinberg and is included in (b) of Proposition.
Now onwards we assume that n ≥ 6. We consider α1 = (m + 3, 1n−m−3) and α2 =
(m+4, 2, 1n−m−6). Then wtm+4(λ) = 0 because m+4(> m+2) is even and n− 1 is odd.
Similarly, wtm+3(λ) = 0 unless n− 1 = m+ 3. By the argument as for m odd, we obtain
that if χ∗λ is quasi p-Steinberg then n− 1 = m+ 3. So n = m+ 4 and λ = (2, 2, 1m). We
consider the hook lengths for this λ.
If p ∤ m+1, then m+1 is odd and so by arguments as above, we must have m+1 = 1,
i.e. m = 0. This contradicts the assumption n ≥ 6. Therefore, we do not obtain any quasi
p-Steinberg χ∗λ in this case.
On the other hand, if p | m + 1 and n(= m + 4) > 6 then we consider α = (m, 4).
Again by (MN2), we obtain that χ∗λ is not quasi p-Steinberg. For n = 6, since p | n − 3,
therefore p = 3. However for p = 3 and n = 6, we will obtain p | n. This is a contradiction
to our assumption that p ∤ n. So this case also does not arise.
Case 1b.2: In this case, n is even, p ∤ n and p | n − 1. In particular, p ∤ n − 2.
Let α = (n − 2, 2). Then wα ∈ An and by hypothesis and Lemma 2.7 we must have
χ∗λ(wα) 6= 0. Then by (MN1), wtn−2(λ) 6= 0. This implies, λ = (n − 1, 1), (n − 2, 2),
(n−m− 3, 3, 1m) or their conjugate.
We first assume that λ = (n− 1, 1). Let α = (n− 6, 3, 2, 1), then wα ∈ An. By (MN2),
we obtain χ∗λ(α) = 0.
We observe that for p 6= 3, 5 and n ≥ 8, wα is p-regular so we obtain that χ∗λ is not
quasi p-Steinberg in this case. Therefore n < 7 for p > 5. But this case never arises
as p | n − 1. This implies, we must have p = 3 or p = 5. For p = 3 and n ≥ 9, the
partition α = (n − 8, 5, 2, 1) will give the required contradiction. Similarly, p = 5, n ≥ 9,
α = (n− 8, 4, 3, 1) will lead to a contradiction. So the only remaining cases are λ = (3, 1)
for p = 3 and λ = (5, 1) for p = 5. These are included in (b) and (d) of the Proposition.
Next, we consider λ = (n− 2, 2), see Figure 2 for hook lengths. Now observe that n− 3
does not appear as a hook length in H(λ). Since p ∤ n− 3 and n− 3 is odd, we must have
n− 3 = 1. Therefore λ = (2, 2) and is included in (b) of Proposition.
At last, we consider λ = (n −m− 3, 3, 1m). Also consider the hook diagram below:
Since p ∤ n − 3, λ must have a hook of length n − 3. Then n − 3 = n − m − 3 or
n − 3 = m + 3 (as indicated above). This implies either λ = (n − 3, 3) or (3, 3, 1m).
Consider their hook diagrams:
14 PAUL AND SINGLA
n−2 n−m−3n−m−4n−m−7 . . . 1
m+3 2 1
m
...
1
Figure 3. Hook diagram for λ = (n−m− 3, 3, 1m)
n−2 n−3 n−4 n−7 . . . 1
3 2 1
n−2 3 2
n−3 2 1
n−6
...
1
In both cases, since p ∤ n − 5, by the hypothesis λ must have a hook of length n − 5.
Then either n − 5 = 1 or n − 5 = 3. For n = 6, we obtain λ = (3, 3), which is quasi
5-Steinberg and is included in (d) of Proposition. For n = 8, we obtain a contradiction by
using α = (4, 4).
Case 2a: In this case, we consider p | n and n is odd. Then p ∤ n − 2 and n − 2 is odd.
So by (MN1), λ must have hook length equal to n− 2. Therefore we obtain that λ must
be either (n− 1, 1) or (n− 2, 2) or (n−m− 3, 3, 1m) or their conjugate.
For λ = (n − 1, 1). The hook lengths of this case are indicated in Figure 1. For p = 3
and n ≥ 7, we consider α = (n − 5, 4, 1). By using (MN2), we observe that χ∗λ(wα) = 0
and wα is p-regular. This implies that χ
∗
λ is not quasi p-Steinberg. For n = 6 and p = 3,
χ∗(5,1)(w(5,1)) = 0 and therefore is not quasi p-Steinberg representation. The only remaining
case is of p = 3, n = 4 and λ = (3, 1) and this is included in (b) of Proposition. For p 6= 3,
we consider α = (n−3, 2, 1) and again see that χ∗λ is not quasi p-Steinberg representation.
For λ = (n−2, 2), see Figure 2 for hook lengths. For p = 3 and n−8 ≥ 3, α = (n−8, 4, 4)
combined with (MN2) gives the contradiction to χ∗λ being quasi p-Steinberg. Therefore
we must have n = 9. We check by direct computations that n = 9 with λ = (7, 2) is quasi
3-Steinberg and is included in (e) of Proposition. For p 6= 3, we observe that p ∤ n− 3 and
n − 3 is even. By (MN2), χ∗λ(α) = 0 for α = (n − 3, 2, 1) unless n − 3 = 2 . Therefore,
the only possible case is n = 5, p = 5 and λ = (3, 2), which indeed is a quasi 5-Steinberg
character of A5. This is included in (c) of proposition.
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Next, we consider λ = (n −m − 3, 3, 1m). See Figure 3 for hook lengths in this case.
For p = 3, we have p ∤ n− 4 and n− 4 is odd so λ must have a hook length equals n− 4.
We obtain that λ has following possible shapes:
(n − 4, 3, 1), (n − 3, 3), (4, 3, 1n−7), (3, 3, 1n−6).
We deal these cases as below.
• For λ = (n− 4, 3, 1). In case n ≥ 11, we use α = (n− 8, 5, 1, 1, 1) to obtain require
contradiction. The only remaining case of n with n odd and p | n is of n = 9. For
this case, we use α = (4, 2, 1, 1, 1) to again obtain contradiction.
• For λ = (n− 3, 3), α = (n− 5, 2, 1, 1, 1) gives the required contradiction.
• For λ = (4, 3, 1n−7) we use α = (n− 5, 4, 1) to obtain the contradiction.
• For λ = (3, 3, 1n−6), we use α = (n − 4, 1, 1, 1). This along with p = 3 and p | n
implies χ∗λ is not quasi p-Steinberg.
If p 6= 3 then p ∤ n − 3 and from now onwards we are in the same case as that of
Case 1b.2 with λ = (n − m − 3, 3, 1m) (see figure 3) and conclude that χ∗λ is not quasi
p-Steinberg representation.
Case 2b: Let p | n and n is even. Then p ∤ n − 1 and n − 1 is odd. Therefore we must
have a hook of length n − 1. This implies λ = (n −m − 2, 2, 1m) for some m ≥ 0 in this
case. The argument in this case follows parallel to Case 1b.1 except the fact that p = 3
and n = 6 is possible. This gives λ = (2, 2, 12). We check by direct computations that χ∗λ
for λ = (2, 2, 12) is quasi 3-Steinberg and is included in (d) of Proposition. 
In the next proposition, we consider the case of p = 2 and prove the statement parallel
to above for this case.
Proposition 3.2. Let p = 2. The only possible λ for which the An character χ
∗
λ for
∗ ∈ {±, ↓} is quasi 2-Steinberg are the following or their conjugates :
(a) λ = (2, 1).
(b) λ = (2, 2).
(c) λ = (4, 1).
(d) λ = (3, 2, 1).
(e) λ = (5, 2, 1).
Proof. We first assume that n is odd. Then for α = (n), the element wα ∈ An is 2-regular.
Therefore by hypothesis, Lemma 2.7 and (MN1), λ itself must be a hook of the form
(n−m, 1m). Without loss of generality, we can further assume that n−m− 1 ≥ m. For
this λ, hook lengths are given in figure 1.
Note that if n− (n−m− 1) = m+1 > 2, then there exists an odd number q such that
n −m− 1 < q < n and there is no hook of length q. This will contradict the hypothesis
because for α = (q, 1n−q), element wα is 2-regular and χ
∗
λ(wα) = 0. Therefore we must
have m ≤ 1, i.e. λ = (n − 1, 1). For n ≥ 7, the character value χ∗(6,1) is zero on wα for
α = (n− 4, 3, 1) by (MN2) and wα is a 2-regular element of An. This implies that either
n = 3 or n = 5. For n = 3 and n = 5, it follows by direct computations that χ∗(2,1) and
χ∗(4,1) are quasi 2-Steinberg representations.
Case2: For this case, we assume that n is even. Then p does not divide odd number
n − 1. So λ has must have hook length equals n − 1. This in particular implies, λ =
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(n −m− 2, 2, 1m) for m ≥ 0. The hook lengths for this λ are given in figure 2. Without
loss of generality, we can further assume that n−m− 4 ≥ m. If (n− 1)− (n−m− 2) > 2
then there exists an odd number q lying between n − m − 2 and n − 1 which does not
appear as a hook number. This by (MN1) gives contradiction to being quasi 2-Steinberg.
So we must have (n− 1)− (n−m− 2) ≤ 2. But this implies that m ≤ 1. For m = 0 and
n ≥ 6, the odd hook length n− 3 is missing for λ = (n − 2, 2). Therefore this case is not
possible. This implies for m = 0, we must have λ = (2, 2) which is one dimensional so is a
quasi 2-Steinberg. For m = 1 and n−5 > 3, we consider α(n−5, 5). Then wα is 2-regular
and χ∗λ(wα) = 0 by (MN2).
Therefore for m = 1, the only possible cases are either n = 6 or n = 8. By direct
computations, we obtain that both χ∗(3,2,1) and χ
∗
(5,2,1) are quasi 2-Steinberg characters of
A6 and A8 respectively.

Proof of Theorems 1.2 and 1.3. The proof of Theorem 1.3 follows by Propositions 3.1, 3.2
along with the fact that for λ 6= λ′, we have χ↓λ = χ↓λ′ .
We proceed to complete the argument for Theorem 1.2. By the character values given
in Lemma 2.7 and the fact that the set of p-regular elements of An is a subset of p-regular
elements of Sn, it follows that the χλ is a quasi p-Steinberg representation of Sn implies
χ∗λ for ∗ ∈ {±, ↓} is a quasi p-Steinberg representation of An. Therefore χλ is quasi p-
Steinberg character of Sn implies χ
∗
λ is quasi p-Steinberg character of An. To complete
the proof, we consider all the λ’s obtained in Theorem 1.3. Out of these, by using direct
computations, we collect all λ’s such that χλ is quasi p-Steinberg characters of Sn and
obtain Theorem 1.2.

3.2. Double cover of Symmetric and Alternating groups.
Proposition 3.3. For odd prime p, both S˜n and A˜n do not have any quasi p-Steinberg
spin representation.
Proof. The irreducible spin representations of S˜n are parametrized by λ ∈ D(n), i.e. the
partitions of n with all distinct parts. For λ ∈ D(n), let χ˜λ (respectively, χ˜∗λ) is a quasi
p-Steinberg character of S˜n (respectively, A˜n). We consider the case of n even and n odd
separately.
Case 1: n is even. For n = 4, we must have λ = (3, 1). In this case, we consider
α = (2, 2) and note that σα is p-regular. Since α /∈ O(n) ∪ D−(n), by Theorem 2.11(1)
and Theorem 2.16(3), we have χ˜λ(σα) = 0 and < χ˜λ >
∗ (σα) = 0. Therefore, this λ does
not give a quasi p-Steinberg representation of S˜n and A˜n.
Now onwards, we assume that n ≥ 6. Consider α1 = (n − 2, 2) and α2 = (n − 4, 4).
Then at least one of the σαi for 1 ≤ i ≤ 2 is p-regular. Since α1, α2 /∈ O(n) ∪D−(n), by
Theorem 2.11(1), we have χ˜λ(σαi) = 0 for i = 1, 2. This implies χ˜λ is not quasi p-Steinberg
character of S˜n for λ ∈ D(n).
It remains to deal < χ˜λ >
∗ for A˜n. By Theorem 2.16(3), and considering α1 and α2
as above, we again obtain that < χ˜λ >
± is not quasi p-Steinberg for A˜n unless either
λ = (n − 2, 2) or λ = (n − 4, 4). Now we handle these two remaining cases. First we
assume that λ = (n − 2, 2). Considering again α = (n − 4, 4) and hypothesis, we can
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further assume that p | n − 4. Therefore, we must have n ≥ 10. For β = (n − 8, 8), the
element σβ is p-regular. By Theorems 2.11 and 2.16(3), we have < χ˜λ >
∗ (σβ) = 0. This
gives a contradiction to the quasi p-Steinberg property for λ = (n − 2, 2). At last, we
assume that λ = (n − 4, 4). As above, we can assume that p | n − 2. Therefore, we can
further assume that n ≥ 8. In this case we consider α = (n − 4, 2). Then σα is p-regular
and by Theorem 2.11, we have χ˜λ(σα) = 0. Since type(α) 6= λ, so by Theorem 2.16(3)
we obtain < χ˜λ >
± (σα) = 0. This again gives a contradiction to the quasi p-Steinberg
condition.
Case 2: n is odd. For n = 5, either λ = (4, 1) or λ = (3, 2). For both of these cases,
we consider α = (2, 2, 1) and we obtain contradiction in this case parallel to n = 4 case.
Now onwards, we assume that n ≥ 7. Consider α1 = (n− 3, 2, 1) and α2 = (n− 5, 4, 1).
Then at least one of the σαi for i = 1, 2, is p-regular. Since α1, α2 /∈ O(n) ∪D−(n), by
Theorem 2.11(1) the character χ˜λ of S˜n is zero on both σαi . This gives a contradiction to
the quasi p-Steinberg property for S˜n.
For A˜n, the argument is parallel to the even n case with n ≥ 6. In this case, the only
cases to consider are λ = (n− 3, 2, 1) or λ = (n− 5, 4, 1). For λ = (n− 3, 2, 1) we consider
α1 = (n−4, 2, 2) and α2 = (n−5, 2, 1). For λ = (n−5, 4, 1), we consider α1 = (n−3, 2, 1)
and α2 = (n− 4, 2, 2). It is easy to obtain contradiction using these for these λ’s.

Proof of Theorem 1.4. Let λ ∈ D(n), such that χ˜λ (respectively, < χ˜λ >∗) be a quasi
p-Steinberg character of S˜n (respectively, A˜n).
For p 6= 2, the result follows by Proposition 3.3. Now onwards we assume that p = 2.
For λ = (n), by Lemma 2.15 and Theorem 2.16, we obtain that χ˜λ and < χ˜λ >
∗ is quasi
2-Steinberg character for S˜n and A˜n respectively. For rest of the proof, we assume that
λ 6= (n). The proof below works uniformly for both S˜n as well as A˜n. An important role
in this proof is played by the fact that if g ∈ A˜n is p-regular such that type(g) 6= λ then
χ˜λ(g) 6= 0. For S˜n, this result directly follows from hypothesis and for A˜n, it is obtained
from Corollary 2.17 combined with the hypothesis. We shall use this argument in the proof
without specifically mentioning it.Now onwards, for every 2-regular element wα ∈ Sn, we
fix σ′α ∈ S˜n such that σ′α is 2-regular preimage of wα(for existence see Remark 2.10).
Recall that for such a choice of σ′α, we have χ˜λ(σ
′
α) = 0 if and only if χ˜λ(σα) = 0.
Case 1: p ∤ n. Let σ′(n) ∈ S˜n be a 2-regular lift of w(n). By hypothesis and the fact
that σ′(n) is 2-regular, we have χ˜λ(σ(n)) 6= 0. This combined with Theorem 2.14 implies
there must be a hook of length n in SS(λ). So λ must be (n −m,m) with m < n −m
and m ≥ 0. The hook numbers for SS(λ) are depicted in Figure 4.
Again χ˜λ(σ(n−2,12)) 6= 0 as σ′(n−2,12) is 2-regular. Hence there must be a hook of length
n − 2 in SS(λ). This implies n − 2 = n − m − i as n − 2 = m not possible for n ≥ 3.
Then m = 1, 2. For m = 2, there is no hook of length n − 4 for n ≥ 7. But n − 4 is
2-regular which contradicts the quasi-Steinberg property. Therefore for m = 2 we must
have n ≤ 6. The only possibility is λ = (3, 2). By the direct computations, we observe
that λ = (3, 2) gives a quasi 2-Steinberg character for S˜n as well as for A˜n. For m = 1,
there is no hook of length n − 2 in SS((n − 1, 1)) unless n = 3. This does not contribute
to any spin representation.
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∗ n n−m n−m−1 . . . n−2m+1n−2m−1 . . . 1
∗ ∗ m m−1 . . . 1
∗ ...
... ∗
∗
Figure 4. Shifted symmetric hook diagram for λ = (n−m,m)
Case 2: p | n. Since p ∤ n − 1, as above SS(λ) must contain a hook of length n − 1.
Therefore, λ must be of the form either (n) or (n− 1, 1) or (n −m− 1,m, 1).
For λ = (n − 1, 1),when n − 5 > 1, the character value χ˜λ is zero on σ′(n−5,3,12). This
gives a contradiction to the quasi p-Steinberg character. So n ≤ 6 and we must have
λ = (3, 1) or λ = (5, 1). Both of these are quasi 2-Steinberg characters for S˜n and A˜n.
For λ = (n−m− 1,m, 1), the hook numbers for SS(λ) are depicted in Figure 5.
∗ n−1 n−m n−m−1 n−m−2 . . . n−2m n−2m−2 . . . 1
∗ ∗ m+1 m m−2 . . . 1
∗ ∗ ∗ 1
∗ ...
... ∗
∗
Figure 5. Shifted symmetric hook diagram for λ = (n−m− 1,m, 1)
Since σ′(n−3,13) is 2-regular, χ˜λ(σ(n−3,13)) 6= 0. Note that n > 2m+ 1 as λ has distinct
parts. Now observe that for m ≥ 2 we must have n−3 = n−m or n−3 = n−m−1. That
is m = 3 or m = 2. For m = 3, we consider α = (n− 5, 15). We must have n− 5 = m = 3.
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So we get λ = (4, 3, 1). This case is not possible because its character values is zero on an
element of type (3)(3). For m = 2, we again consider α = (n − 5, 15). From hook lengths
of SS(λ), we obtain that either n − 5 = 3 or n − 5 = 1. So λ = (3, 2, 1) for n = 6 or
λ = (5, 2, 1) for n = 8. Both of these give quasi 2-Steinberg characters for S˜n and A˜n.

3.3. Proof of Corollaries 1.5 and 1.6. First of all we note that every weak p-Steinberg
character is a quasi p-Steinberg and conversely by [3, Theorem 1], a quasi p-Steinberg
character χ of G is a weak p-Steinberg character if and only if χ(1) = |G|p. From Theo-
rems 1.2 and 1.3, we obtain the complete list of quasi p-Steinberg characters of Sn and An.
From the dimension computations, it is easy to verify that the weak p-Steinberg characters
of Sn and An are exactly the ones mentioned in Corollary 1.5.
For S˜n and A˜n, we note that for λ = (3, 1), (3, 2), (3, 2, 1), (5, 1), (5, 2, 1), representations
do not satisfy the required dimension hypothesis. For λ = (n), we observe that the
dimension of the corresponding representation is 2⌊(n−1)/2⌋. To complete the proof in this
case, we claim that 2⌊(n−1)/2⌋ < 2(2ν2(n!)). Therefore enough to prove that ⌊(n − 1)/2⌋ ≤
ν2(n!). For this we use the Legendre’s formula, i.e. for any prime p the valuation of p in
n! is given by the following:
νp(n!) =
∞∑
i=1
⌊n/pi⌋.
For our case, p = 2. We obtain the result for n ≥ 4, because ⌊n2 ⌋ = ⌊n−12 ⌋ for odd n and
⌊n2 ⌋ > ⌊n−12 ⌋ for even n. This completes the proof of Corollary 1.6.
Remark 3.4. We remark that another way to prove Corollaries 1.5 and 1.6 is by using
the main results of [1] and [2]. We leave these details for the reader.
4. Further Discussion
From Theorems 1.2, 1.3, and 1.4 we obtain that any quasi p-Steinberg character of
groups Sn, An and their double covers have dimension p
t for some t ∈ Z≥0. In this
direction, the following questions seem interesting.
(1) Is it true that an irreducible representation V of a finite group G is quasi p-
Steinberg implies that dim(V ) = pt for some t ∈ Z≥0?
(2) If the answer to above question is yes, then for a prime power dimensional ir-
reducible representation of a finite group G is there an easy way to determine
whether it is quasi p-Steinberg or not, instead of knowing the all character values?
(3) Determine the quasi p-Steinberg characters of all finite groups of Lie type.
Acknowledgements
This research was initiated during participating in the International Centre for Theoret-
ical Sciences (ICTS) program-Group Algebras, Representations and Computation(Code:
ICTS/Prog-garc2019/10) and was supported in part by the ICTS. Authors are grate-
ful to Dipendra Prasad for his questions about Steinberg characters and discussions af-
ter that. The second named author also acknowledges the financial support of UGC
CAS-II grant (Grant No. F.510/25/CAS-II/2018(SAP-I)) and SERB MATRICS grant
20 PAUL AND SINGLA
(MTR/2018/000094). The research presented in this paper would not have been possible
without extensive computations using Sagemath and GAP.
References
[1] A. Balog, C. Bessenrodt, J. r. B. Olsson, and K. Ono, Prime power degree representations of
the symmetric and alternating groups, J. London Math. Soc. (2), 64 (2001), pp. 344–356.
[2] C. Bessenrodt and J. r. B. Olsson, Prime power degree representations of the double covers of
the symmetric and alternating groups, J. London Math. Soc. (2), 66 (2002), pp. 313–324.
[3] R. Brauer and C. Nesbitt, On the modular characters of groups, Ann. of Math. (2), 42 (1941),
pp. 556–590.
[4] C. W. Curtis, The Steinberg character of a finite group with a (B, N)-pair, J. Algebra, 4 (1966),
pp. 433–441.
[5] M. R. Darafsheh, p-Steinberg characters of alternating and projective special linear groups, J. Alge-
bra, 181 (1996), pp. 196–206.
[6] W. Feit, Extending Steinberg characters, 153 (1993), pp. 1–9.
[7] P. N. Hoffman and J. F. Humphreys, Projective representations of the symmetric groups, Ox-
ford Mathematical Monographs, The Clarendon Press, Oxford University Press, New York, 1992.
Q-functions and shifted tableaux, Oxford Science Publications.
[8] J. E. Humphreys, The Steinberg representation, Bull. Amer. Math. Soc. (N.S.), 16 (1987), pp. 247–
263.
[9] G. Malle and A. Zalesski, Steinberg-like characters for finite simple groups, J. Group Theory, 23
(2020), pp. 25–78.
[10] A. O. Morris, The spin representation of the symmetric group, Proc. London Math. Soc. (3), 12
(1962), pp. 55–76.
[11] A. Prasad, Representation theory, vol. 147 of Cambridge Studies in Advanced Mathematics, Cam-
bridge University Press, Delhi, 2015. A combinatorial viewpoint.
[12] R. Steinberg, Prime power representations of finite linear groups, Canadian J. Math., 8 (1956),
pp. 580–591.
[13] , Prime power representations of finite linear groups. II, Canadian J. Math., 9 (1957), pp. 347–
351.
[14] J. R. Stembridge, Shifted tableaux and the projective representations of symmetric groups, Adv.
Math., 74 (1989), pp. 87–134.
[15] P. H. Tiep, p-Steinberg characters of finite simple groups, J. Algebra, 187 (1997), pp. 304–319.
The Institute of Mathematical Sciences (HBNI), Chennai, India.
E-mail address: digjoypaul@gmail.com
Department of Mathematics and Statistics, Indian Institute of Technology Kanpur, Kan-
pur 208016, India.
E-mail address: psingla@iitk.ac.in
